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Dedicated to the memory of our friend and collaborator Nikolai Neumaier 

Abstract. We propose to study deformation quantizations of Whitney func- 
tions. To this end, we extend the notion of a deformation quantization to algebras 
of Whitney functions over a singular set, and show the existence of a deformation 
quantization of Whitney functions over a closed subset of a symplectic manifold. 
Under the assumption that the underlying symplectic manifold is analytic and the 
singular subset subanalytic, we determine that the Hochschild and cyclic homol- 
ogy of the deformed algebra of Whitney functions over the subanalytic subset co- 
incide with the Whitney-de Rham cohomology. Finally, we note how an algebraic 
index theorem for Whitney functions can be derived. 



Introduction 

In physics, many interesting systems are described mathematically by phase 
spaces with singularities such as for example the moduli spaces of flat connec- 
tions on a Riemann surface. The study of such singular phase spaces raises a very 
interesting question in mathematical physics. How does one quantize a singular 
Poisson manifold? In his seminal paper |KON], Kontsevich completely solved the 
problem of constructing deformation quantizations of Poisson manifolds by his 
famous formality theorem. However, the problem of proving a general existence 
theorem for deformation quantizations over singular spaces is still open 15 years 
later (see I BoHePfI IHeIyPfII for progress in this direction). 

One of the key difficulties in the quantization theory of singular phase spaces 
spaces is that the algebra of smooth functions over a space with singularities ap- 
pears to be complicated to study since certain crucial results such as a de Rham 
Theorem or a Hochschild-Kostant-Rosenberg type theorem do in general not hold 
true in the presence of singularities. 

In this paper, we propose to replace the algebra of smooth functions by the so- 
called Whitney functions, and discuss some examples of quantizations of Whitney 
functions. 

Let M be a smooth manifold, and X c M be a closed subset of M. A Whit- 
ney function on X, roughly speaking, is the (infinite) jet of a smooth function / on 
M at the subset X. We denote the algebra of Whitney functions on X by £°°(X). 
A Whitney-Poisson structure on X is a Poisson structure on £°°(X), i.e. an anti- 
symmetric bilinear bracket {— , — } on £°°(X) which is a derivation in each of its 
arguments and satisfies the Jacobi-identity Several interesting questions arise in 
the study of Whitney-Poisson structures. 

(1) First observe that if a neighborhood of X in M is equipped with a Pois- 
son bivector n, then n naturally defines a Whitney-Poisson structure on 
X. This construction usually provides various different Whitney-Poisson 
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structures on X, which we will call global Whitney-Poisson structures. In 
general, is every Whitney-Poisson structure on X a global one? This ques- 
tion is closely related to the existence of a normal form of a Poisson struc- 
ture near X. We expect to see obstructions for a general X in M, which is 
probably connected to the singularities of X and the embedding of X in M. 
(2) Whitney functions naturally factorize to smooth functions on X. In gen- 
eral, a Whitney-Poisson structure does not factorize to a Poisson struc- 
ture on X by which we mean an antisymmetric and bilinear bracket on 
C°°(X) which is a derivation in each of its arguments and satisfies the 
Jacobi-identity. It appears to be an interesting question to describe those 
Whitney-Poisson structures that do factorize to X. This problem appears 
to be closely related to the question under which conditions one can em- 
bed a singular Poisson variety into a smooth Poisson manifold, see BEGll 
ITJavIIMcMTlI . 




In this paper, we propose to study the problem of deformation quantization of 
Whitney-Poisson structures on X. We will construct a natural deformation quan- 
tization of a global Whitney-Poisson structure on X. Moreover, we study such a 
deformation quantization by computing its Hochschild homology when the global 
Whitney-Poisson structure is symplectic using the methods developed in IP PT10I . 

We would like to dedicate this short article to Nicolai Neumaier, who unfor- 
tunately passed away in Spring 2010 after a brave and long battle with cancer. 
Nicolai has been a good friend and excellent collaborator. The idea to study the 
quantization of Whitney functions goes back to our collaboration in 2004 on de- 
formation quantization of orbifolds [NePfPoTa|. We are picking up this idea as 
a memory to Nicolai's important contribution to the subject of deformation quan- 
tization of singular spaces. 

Acknowledgments: Pflaum is partially supported by NSF grant DMS 1105670, 
and Tang is partially supported by NSF grant DMS 0900985. 



Assume to be given a smooth manifold M, and let X c M be a closed subset. 
Denote by J°°(X,M) C C°°(M) the ideal of smooth functions on M which are 
flat on X, i.e. the space of all / £ C°°(M) such that for every differential operator 
D on M the restricted function D/j x vanishes. By Whitney's Extension Theorem, 
the quotient £°°(X) : = C°°(M) /J°°(X, M) naturally coincides with the algebra of 
Whitney functions on X. This implies in particular that £°°(X) C J°°(X), where 
J°°(X) denotes the space of infinite jets over X. Now consider the complex Q(M) 
of differential forms on M. Then the spaces Cl k JX {X,M) ■= J°°(X,M) ■ Cl k (M) 
are modules over C°°(M) preserved by the exterior derivative d, which means that 
d(fl^(X,M)) C 0^"i(X,M). One thus obtains a subcomplex C1" JX (X, M) C 
n*(M) which we call the complex of differential forms on M which are flat on 
X. The quotient complex Cl\ x {X) := Ci.*{M)/Cl* JX {X,M) will be called the com- 
plex of Whitney-de Pvham forms on X. According to [BrPf|, the cohomology of 
n*o=,(X) coincides with the singular cohomology (with values in R), if M is an 
analytic manifold, and X C M a subanalytic subset. 

Let us now define what we understand by a deformation quantization of Whit- 
ney functions. 




1. Formal quantizations of Whitney functions 
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Definition 1.1. Assume to be given a manifold M, a closed subset X C M and a 
Whitney-Poisson structure on X, i.e. a bilinear map {— , — } on £°°(X) which satis- 
fies for all F,G,H G £°°(X) the relations 
(PI) {F, GH} = {F, G}H + G{F, H}, and 
(P2) {{F,G},H} + {{H,F},G} + {{G,H},F} = 0. 

By a formal deformation quantization of the algebra £°° (X) or in other words a star 
product on £°°(X) we understand an associative product 

*:£:~(X)[[?i]]x£: co (X)[[fi]]^^(X)[[?z]] 

on the space £°°{X) [[ft]] of formal power series in the variable ft with coefficients 
in £ 00 (X) such that the following is satisfied: 

(DQO) The product * is R[ [ft]] -linear and ft-adically continuous in each argument. 

(DQ1) There exist R-bilinear operators c k : £°°{X) x £°°(X) -> £°°(X), fc £ N 
such that Co is the standard commutative product on £°°(X) and such that 
for all F,G G £°°(X) there is an expansion of the product F * G of the form 

F*G = £ c /c (F,G)ft fc . (1.1) 

(DQ2) The constant function 1 G £™ satisfies 1 * F = F * 1 = F for all F G £ 00 (X). 
(DQ3) The star commutator [F, G]* := F * G — G * F of two Whitney functions 
F, G G £°°(X) satisfies the commutation relation 

[F,G]* = -ih{F,G}+o(h z ). 
If in addition * is local in the sense that 

(DQ4) supp(F*G) C supp(F) n supp(G) for all F, G G £°°(X), 
then the star product is called local. 

Remark 1.2. If (M,Tl) is a Poisson manifold, the ideal J°°(X;M) is a even Pois- 
son ideal in C°°(M). This implies that the Poisson bracket on C°°(M) factors to 
the quotient £°°{X). We denote the inherited Poisson bracket on £°°(X) also by 
{—,—}, and call it global Whitney-Poisson structure. 

Assume now to be given a Poisson manifold (M,Tl), a closed subset X c M, 
and let * be a local star product on C°°(M). By Peetre's Theorem one then knows 
that each of the operators c k : C°°(M) x C°°(M) ->■ C°°(M) in the expansion 
Eq. of the star product on C°° (M) is locally bidifferential. But this implies that 
for every k G N the sets c k (X, M) x C°°[M)) and c k (C°°(M) x J°°(X,M)) are 
contained in J ca {X, M). This immediately entails the following result. 

Proposition 1.3. Let (M,Tl) be a Poisson manifold and * a local star product on C°°(M). 
Then for each closed subset X C Mthesubspace J r °°(X,M)[[ft]] isanidealin (C°°(M),*) 
which gives rise to an exact sequence of deformed algebras 

(j O0 (X / M)[[ft]] / ^) (C°°(M),*) ->■ (^"(X),*) ->• 0, 

where the induced star product on £°°(X) is denoted by * as well. 

Remark 1.4. One knows by the work of FEDOSOV IFedI that every symplectic 
manifold carries a local star product, and by KONTSEVICH BKONl that on every 
Poisson manifold there exists a local star product. The proceeding proposition 
then entails that for every closed subset X of a Poisson manifold (M,IT) there 
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exists a deformation quantization of £°°(X) with the induced global Whitney- 
Poisson structure. 

Let us briefly recall Fedosov's approach [FedJ for the construction of a deforma- 
tion quantization over a symplectic manifold (M,co) and use this to describe the 
induced star product on £°°(X) with X c M closed in more detail. To this end, ob- 
serve first that each of the tangent spaces TpM is a linear symplectic space, hence 
gives rise to the formal Weyl algebra W(T p M). As a vector space, W(T p M) coin- 
cides with Sym (T*M) [[h]], the space of formal power series in h with coefficients 
in the space of Taylor expansions at the origin of smooth functions on TpM. Note 
that Sym(T*M) coincides with the m-adic completion of the space Sym(T*M) of 
polynomial functions on TpM, where m denotes the maximal ideal in Sym( T*M). 
In other words this means that Sym( T*M) can be identified with the product 
IlsGiN Sym s (T*M), where Sym s (T*M) denotes the space of s-homogenous poly- 
nomial functions on TpM. Hence every element a of W(T p M) can be uniquely 
expressed in the form 

«= E a s,kh k , (1-2) 
seiN,iteN 

where the a s ^ £ Sym s (T*M) are uniquely defined by a. For later purposes note 
that W(T p M) is filtered by the Fedosov-degree 

deg F 0) := min{s + 2k \ a sk ^ 0}, a 6 W(X p M). 

Next observe that the Poisson bivector If on TpM is linear and can be written in 
the form 

dim TpM 

dim T„M 

n = £ n,! ® n !2 with u n , n i2 e t v m, i = 1, ■ ■ ■ , — . (1.3) 

Since the elements of TpM act as derivations on Sym {TpM) one obtains an opera- 
tor 

ft : Sym(TpM) ® Sym(T p M) -> Sym(T p M) <g> Sym(T p M), 

dimT / M (1.4) 

i=i 

which does not depend on the particular representation J1.3^ . Note that by C[[ft]]- 
linearity and m-adic continuity, TI uniquely extends to an operator 

ft : Sym(T p M)[[h]] ® Syni( T p M) [[h]} -> Sym(T p M)[[ft]] ® Sym(T p M) [[&]]. 

The product of two elements a, b G W(T p M) can now be written down. It is the 
so-called Moyal-Weyl product of a and & and is given by 

flofo:= E^r-F(n(fl®&)). (i.5) 

One checks easily that o is a star product on W(T p M). 

Denote by W(M) the bundle of formal Weyl algebras over M, which is the 
(profinite dimensional) vector bundle over M having fibers W(T p M), p E M. 
Furthermore, let Q*W be the sheaf of smooth differential forms with values in 
the bundle W(M). Note that both the space W(M) of smooth sections of W(M) 
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and the space Q # W(M) are filtered by the Fedosov-degree. More precisely, the 
Fedosov filtration (J r,c W(M)) )tg]N of W(M) is given by 

F k W{M) := {a G W(M) | deg F (a(p)) > fcforallp G M}, 

and similarly for # W(M). Note also that an element a G W(M) can be uniquely 
written in the form (|1.2b , where the fl s £ with s, fc G N then are smooth sections 
of the symmetric powers Sym s (T*M). This representation allows us to define the 

symbol map a : W ->• C°°(M) [[ft]] by 

= E a o,kh k for a G W. 

Next, choose a a symplectic connection V on M, i.e. a connection on M which 
satisfies X7to = 0. The symplectic connection canonically lifts to a connection 

V : Q*W(M) -> Q ,+1 W(M). 

By Fedosov's construction, there exists a section A G Q 1 W(M) such that the con- 
nection 

D:=V + £[-,A] (1.6) 

is abelian, i.e. satisfies D o D = 0. The 1-form A is even uniquely determined by 
the latter property, if one additionally requires that deg F (A) > 2. The connection 
D defined by such a 1-form A will be called a Fedosov connection. 
As has been observed by Fedosov [Fed], the space 

W D (M) := {fl G W(M) | Da = 0} 

of flat sections of the Weyl algebras bundle gives rise to a deformation quantization 
of C°°(M) via the symbol map 

a : W(M) -> C M (M)[[?z]], a = X] ^ E fl <U^- 

More precisely, if the 1-form A has been chosen as above, the restriction 

^|w D (M ) :W D (M)^C co (M)[[?z]] 

is a linear isomorphism. Let 

q:C°°(M)[[h]]^W D (M) 

be its inverse, the so-called quantization map. Then there exist uniquely determined 
differential operators q, c : C°° (M) — >■ C°°(M) such that 

q(/) = E ItCflft* fora11 / S C°°(M), (1.7) 

and 

* : C°°(M)[[ft]] x C°°(M)[[ft]], (/,*) ^ <r(q(/) o q(g)) 

is a star product on C°°(M). 

Now observe that the Fedosov connection D leaves the module l / co (X;M) ■ 
Q'(M;WM) invariant. This implies that D factors to the quotient 

nj»(X;WM) := fi'(M; WM)/ J°°(X;M) ■ Q*(M;WM), 

and acts on £°°(X;WM) := W(M)/ J°°(X;M) ■ W(M). Moreover, the symbol 
map a maps J°°(X;M) ■ W{M) to J" (X; M)[[h]], and q(J co (X;M) [[ft]]) is con- 
tained in J co (X;M) ■ W(M), since in the expansion \1.7) the operators are all 
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differential operators. Hence a and q factor to £ 00 (X;WM) respectively £ 00 (X) [[h]]. 
This entails the following result. 

Theorem 1.5. Let (M,cv) be a symplectic manifold, D a Fedosov connection on Q*W, 
and X c M a closed subset. Then the space of flat sections 

W D (X) := {a e £°°(X;WM) | Da = 0} 

z's a subalgebra of £°°(X;WM), and f/ie symbol map induces an isomorphism of linear 
spaces <r x ■ Wd(X) — > £°°(X)[[fi]]. Moreover, the unique product * o« £ °°(X)[[h]] 
with respect to which o~x becomes an isomorphism of algebras is a formal deformation 
quantization of £ °°(X). 

2. HOCHSCHILD AND CYCLIC HOMOLOGY 

The Hochschild homology of algebras of Whitney functions £ 00 (X) has been 
computed for a large class of singular subspaces X C M in IIBrPfI . In particular, 
it follows from this work that for (locally) subanalytic sets X C M with M an 
analytic manifold the Hochschild homology of £°°(X) is given by 

HH. (£°°(X)) = njco(X). (2.1) 

In case (M,co) is symplectic of dimension 2m, and * a star product on C°°(M), 
the Hochschild homology of the deformed algebra (C°°(M) ( (h) ), ^) was first com- 
puted in JNeTI. (We extend the star product * on C°°(M)[[fc]] to C°°(M)( (ft))). It 
is given by 

HH.(C°°(M)((h))) = H 2 ™-(M,C((h)))- (2-2) 
If X C M now is closed, the natural question arises what the Hochschild homol- 
ogy of the deformed algebra of Whitney functions (£°°(X)((h)),-k) then is. Ob- 
serve that via Teleman's localization technique [Tel[, the Hochschild and cyclic 
homology of £°°(X) and £°°(X)((*)) (and also of C°°(M) and C°°(M)((?z))) can 
be computed as the sheaf cohomology of the corresponding sheaf complexes for 
Hochschild and cyclic complexes on X (and on M) as is explained in IB rPfI . 

We start the computation of the homology groups by first noting that £ 00 (X) ( (h) ) 
carries a filtration (J r |£ 00 (X)((7z))) )t z by the ft-degree. More precisely, 

J*f~(X)((ft)) = {F 6 f~(X)((ft)) I deg fl F > *}, 
where the ^-degree of F = Ekez F kh k e £ 00 (X) ((h)) with F k e £°° (X) is given by 

deg,(F)=min{fceZ|F )t ^O}. 

The filtration of £°°(X)((h)) induces a filtration (F^C (£°°(X)((h))) keX of the 
Hochschild chain complex C'(£ co (X)((h))) which then gives rise to a spectral se- 
quence E* t; . Since 

Fl +1 £°°(X)([h))/F k h £™(X)((h))) - £°°(X), 
the E 1 -term has to coincide with the Hochschild homology of £°°(X), hence 

Ej, = n^(X). (2.3) 
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Since £°°(X) is the quotient of C°°(M) by the ideal J°°(X;M), it follows from 
ITBryI Sec. 3] that the differential d^ : fi|«,(X) n^(X) coincides with the 
canonical derivative 

6:tf ea ,(X)^Cf£(X), f df 1 A...Adf q ^ 
E(-l) m {/o,/«}d/l A ... A d// A ... A dfq+ 

i=l 

E 'fod{fi, //} A d/i A . . . A d/J A . . . A dfj A . . . A df q . 

Next let us recall Brylinski's definition of the symplectic Hodge *-operator (see 
[BryJ). Let v be the volume form ^<^ r " over M, and A*TI the operator 

n k M x n k M ->• c°°(M), 

(/ d/i A ... A df k ,g d gl A ... A d^t) h+ / g (nj df\ A dg\) ■ . . . ■ (EL d/fc A d^) . 

The symplectic ^-operator * : Cl k (M) — » n 2m_fc (M) now is uniquely defined 
by requiring that a. A (*/}) = A*Ti(a,S) v for all a,j3 6 O fc (M). Obviously * 
leaves the J°° (X; M) ■ Q* (M) invariant, hence induces an operator * : (M) — >■ 
Cl^'Z~ k (M) which by the properties of the corresponding operator on Ci'(M) sat- 
isfies the equality * o * = id. By [BRY | it also follows that on Cl k £<x , (X) the canonical 
differential 6 is equal to ( — l) k+1 * d*. But this implies by [BrPfJ that 

E 2 pq = H 2m ~HX). (2.4) 

Under the assumption that X is compact subanalytic, there exists a finite triangu- 
lation of X, hence the singular cohomology with values in R, and by [BrPfJ the 
periodic cyclic homology of £ 00 (X) then have to be finite dimensional. Arguing 
like in |NeTs|, one concludes that under this assumption on X, the spectral se- 
quence degenerates at E 2 , and the Hochschild homology of the deformed algebra 
£ 00 (X) [[fi\] is given by l|2.4|l . Let us show that this holds even in more generality. 

For this more refined computation of the Hochschild and cyclic homology of 
£°°(X), we use a specific quasi-isomorphism implementing the isomorphism J2.2I I 
above. In IPFT10I , we have constructed morphisms 

: C 2k-i (C°°(M)((ft)),*) -> n'(M) ((h)), 

satisfying the property 

(-l)'d o T 2k = Y'f o b + T 2 f +2 o B, (2.5) 

where b and B are the Hochschild and Connes' B-operator computing cyclic ho- 
mology. ^From |PPT09, Thm 2.4], it follows by Eq. $2.5} that the combination 
Y; := E/>o ^2m-2/ ' defines an S-morphism Y. of complexes of sheaves 

Y. : Tot. (BC(C°°(M) ((h)), *),b + B)^ 1 n 2m ~ 2 '-(M)((?z)), (-l) 2m " 2 '-d ) 

\Z>0 / 

where on the left we have the total sheaf complex of Connes' (b, B)-complex (cf. 
[LOD, Prop. 2.5.15] for more on S-morphisms). 

Proposition 2.1. Y 2k maps C 2k -i (J°°(X, M) ((h))) to CY Ja> (M) ((h)). 
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Proof. The proof is given by two observations: first, since the Fedosov-Taylor se- 
ries defining the quantization map q : C°°(M) — > W(M) only involves partial 
derivatives, it will map J°°(X,M) to J°°(X,M) ■ W(M). Second, we see from 
IIPPT10II that Yij. is given by contraction of an explicitly given cyclic cocycle on 
the formal Weyl algebra acting fiberwise on W(M), with the Fedosov connection 
D. From this, the result is obvious. □ 

Proposition l2.1l proves that the S-morphism Y. descends to define an S-morphism 
of complexes of sheaves on X 

Y, : Tot. (BC(£ c °(X)((h)),*),b + B)^ ( f$r 2 '-(X)((ft)), (-l) 2m - 2 '-d ) . 

\/>o / 

Theorem 2.2. Let (M,co) be a real analytic symplectic manifold, and X C Ma subana- 
lytic subset. Then the S-morphism Y. defined above is a quasi-isomorphism, and therefore 

HH.(£»(X)((ft)),*) =H 2 "-(X)((fi)), 
HC.(£»(X)((ft)),*) =0H 2m — 2 *(X)((r,)). 

fc>0 

Proof. The proof is essentially a repetition of the arguments IP PT101 Theorem 3.9]. 
Since Y is an S-morphism, it suffices to check that Y i 2m : C i [£ oa {X) {{%))) -> 
^■Z~'((h)) is a quasi-isomorphism. Since Y^ is a morphism of complexes of 
sheaves, we only need to check that is a quasi-isomorphism on a sufficiently 
nice local chart of X, which we choose to be the intersection of a Darboux chart U 
of M with X. 

We note that Yi-. is compatible with the ft-filtrations on the Hochschild com- 
plexes Q(£°°(X)((7j))) and n|'^~'((ft)), and therefore induces a natural morphism 
between the spectral sequences associated to the fi-filtrations. To prove that Y* m 
is a quasi-isomorphism, it suffices to check that Y* m is a quasi-isomorphism at 
the E 2 -level of the spectral sequences associated to the fi-filtrations. Over U, the 
algebra (C°°(ll)((h)),*) can be identified with the standard Weyl algebra. In ad- 
dition, the E 2 -level of the spectral sequence associated to the Hochschild complex 
of (C°°(L0((>)),*) is the Poisson homology complex (CT(U)((h)),S). Similarly, 
the E 2 -level associated to (£°° (X) ( (h) ), *) is again the Poisson homology complex 
(Clgco(X)((h)),5). Under this identification, *¥' 2m becomes the symplectic Hodge 
star operator, which is an isomorphism between the Poisson homology and the de 
Rham cohomology in 02.4b . □ 

Remark 2.3. Theorem 12.21 has a natural generalization to deformation quantiza- 
tions of global Whitney-Poisson structures on X using the method in |DOL|, i.e. 

HH.(£°°(X)((h)),*) =H?(X)((ft)), 

HP.(£~(X)((ft)),*) =H.(X)((ft)), 

where H?(X)((h)) is the Poisson homology of (X, it). We leave the details to 
diligent readers. 

Remark 2.4. It is easy to see that the so-called "algebraic index theorem" INeTsI 
descends to the level of Whitney functions: consider the morphism 

u:C. (£~(X)[[ft]],*)->n£e.(X) 
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given by 

H(/o ® • • • ® A) := /od/l A ... A d/jtlft=o ' 
where £°°(X) [[ft]] is viewed as an algebra over C. This map sends the Hochschild 
differential b to zero and intertwines B with the Whitney-de Rham operator d. 
The previously defined quasi-isomorphism Y naturally extends to define a chain 
morphism 

Y : Tot. (BC(f ~(X)[[ft]],*)) -^©n«-(X)((fi)). 

/>o 

The algebraic index theorem gives the defect of the map u to agree with the mor- 
phism Y: 

Theorem 2.5. Under the assumptions of Thm. IZ2l the following diagram commutes after 
taking homology: 

Tot. (Bc(£»(x)[[/i]],*)) — -e,> n|r 2i -(x) 

e ; > n|r 2 '-(x)((ft)) 

Hereby, A(M) is the standard A-class of M associated to the symplectic structure, and O 
is the characteristic class of the star product * on M. 

As a consequence, the following equality holds true in H*(X)((ft)): 

Y(«) = (\A(M)} U [gV=Tn/2*»]^ u \i{a), 
for all a = a <g> . . . <8> % € Q(£°°(X),*). 
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